In this study, the peristaltic flow of a Casson fluid in a channel is considered in the presence of an applied magnetic field. Flow is considered in the moving frame of reference with constant velocity along the wave. The developed mathematical model is presented by a set of partial differential equations. A numerical algorithm based on finite element method is implemented to evaluate the numerical solution of the governing partial differential equations in the stream-vorticity formulation. The obtained results are independent of low Reynolds number and long wavelength assumptions, so the effects of non-zero moderate Reynolds number are presented. The expression for the pressure is also calculated implicitly and discussed through graphs. Computed solutions are presented in the form of contours of streamlines and vorticity. Velocity profile and pressure distribution for variation of different involved parameters are also presented through graphs. The investigation shows that the strength of circulation for stream function increases by increasing the Reynolds and Hartmann numbers. Enhancement in longitudinal velocity is noted by increasing the Reynolds number and Casson parameter while increasing Hartmann number reduces the longitudinal velocity. Comparison of the present results with the available results in literature is also included and found in good agreement.
Introduction
The phenomenon induced by contraction and relaxation of the waves propagating along the walls of tube/channel is recognized as peristalsis. Peristalsis phenomenon exists in many organisms, in a different range of organs, in physiological and industrial processes. In particular, the mechanisms of transportation of urine from the kidney to the bladder through the ureter, movement of ova through the Fallopian tubes and the flow of blood with viscous motion in small blood vessels. The peristaltic mechanism is also important in industrial pumping and medical devices e.g. transport of noxious fluids in the nuclear industry, roller pumping in the printing industry and the heart-lung machine.
Latham [1] first indicated the work about the peristaltic transport in a two-dimensional channel. In continuation of the Latham work, Shapiro et al. [2] and Fung and Yih [3] analyzed the peristaltic motion of infinite trains. Shapiro et al. [2] used the lubrication theory to investigate peristaltic motion in a channel using wave frame of reference while Fung and Yih [3] studied the peristaltic motion in the fixed frame without utilizing the simplifications of the lubrication theory. A perturbation analysis for the peristaltic flow in a channel was presented by Jaffrin [4] and Zein and Ostrach [5] . The first comprehensive numerical study of the peristaltic flow considering the complete partial differential equations was carried out by Takabatake and Ayukawa [6] . They implemented finite difference method to simulate the two-dimensional peristaltic flow of a Newtonian fluid for a moderate Reynolds number in a channel. A comparative study with the Jaffrin [4] results also included within a narrow range of the parameters involved. The complete sets of partial differential equations for peristaltic flow in a tube were also investigated by Takabatake et al. [7] . Takabatake et al. [8] reinvestigated the analysis presented in [7] by implementing a finite element method. The streamline and vorticity functions were also compared with results presented by Dennis and Chang [9] . In another investigation, Takabatake [10] presented an analysis of pressure rise per wavelength and compared his solutions with the existing perturbation results. Kumar and Naidu [11] analyzed the effect of the externally applied constant magnetic field on the peristaltic flow in a channel using stream function-vorticity formalism.
The plasma shows the Newtonian fluid behavior while blood shows non-Newtonian behavior [12] . Although at low shear rates, blood shows non-Newtonian behavior in small arteries but in large arteries at high shear rates, it behaves as Newtonian [13] . When blood flows through narrow arteries at low shear rate, it behaves like a Casson fluid [14] [15] [16] . In narrow arteries with a diameter of 130-1000 μm, Casson fluid is useful to consider it in a blood flow model [17, 18] .
In the last few years, the magnetohydrodynamic study of the peristaltic flows of electrically conducting physiological fluids attains a great interest by researchers because of its diverse applications in bio-engineering and medical sciences. Conducting fluid passing through the magnetic field generates an electric current which disturbs the applied magnetic field and then the effect of applied magnetic field gives rise to mechanical forces which affect the flow of the fluid [19] . Since Casson fluid may be considered as blood flow model and one can find a number of articles regarding the study of Casson fluid in different circumstances. Bali and Awasthi [20] studied the non-Newtonian behavior of blood in a circular tube artery by modeling blood as a Casson fluid in presence of magnetic field. They observed that the presence of magnetic field reduces the velocity of the fluid. The finite Hankel and Laplace transformations were used by Shah et al. [21] to find the exact solution of the blood flow model with magnetic particles by employing the concept of fractional derivatives. Srivastava and Srivastava [22] studied the peristaltic transport of blood in a uniform as well as in non-uniform tube by incorporating assumptions of a long wavelength and low Reynolds number in the model. In their study, they also assumed a peripheral layer of plasma as a Newtonian fluid and single layered as Casson fluid. Srivastava [23] also investigated the peristaltic motion for Casson fluid also.
Motivated by the above literature and the fact that Casson fluid is well suitable for blood flow model, our aim in this article is to numerically analyze the behavior of magnetohydrodynamic Casson fluid in peristaltic flow without considering the assumptions of long wavelength and low Reynolds number, which allows us to explore the unexplored features of the peristaltic motion. First, we develop the problem in wave frame by using the formulation of stream function and vorticity. The pressure is eliminated by cross differentiation to reduce the unknowns from three to two, and discussed in the latter part by calculating explicit expression. The numerical technique adopted is finite element method, which gives us the liberty to set high values of Reynolds number and other suitable values of the considered parameters. The results obtained through numerical simulations are discussed in detail and a conclusion is included in the last part.
Problem Formulation
The unsteady two-dimensional incompressible peristaltic flow of a Casson fluid is considered in a channel of infinite length and of width 2a. The fluid is assumed electrically conducting under the influence of applied uniform magnetic field B 0 with strength perpendicular to the flow. In our problem, we have considered the problem in which B influences V via the Lorentz force. To ensure that B remains unaffected by V, we must restrict ourselves low magnetic Reynolds numbers. The flow is along x-axis and y-axis is considered perpendicular to the flow with x-axis is along the central line of the channel as shown in Figure 1 . It is assumed that a wave with speed c propagates in the x-direction such that the wall of the channel obeys the relation defined as
where a is the mean distance between wall and central axis, b represents wave amplitude and represents the wave length. Let E 0 , J 0 and B 0 represents the electric field, current density and magnetic field which would exist in a given situation if V = 0. Due to fluid motion, the E 0 , J 0 and B 0 are influenced and have infinitesimal modifications e, j and b respectively and the resulting electric field becomes E = E 0 + e, current density becomes J = J 0 + j and magnetic field becomes B = B 0 + b. These quantities are governed by
Where we have neglected the second order term V × b. Now Faraday's equation gives evub and so perturbation in the electric field may also be neglected in (4). Therefore
And leading order term in the Lorentz force (per unit volume) is
Equation (6) and (7) are all that we require evaluating the Lorentz force in low-R m MHD. There is no need to calculate b as it does not appear in the Lorentz force. Also, electric field is negligible in comparison to the current density, so equations that governs the motion of unsteady peristaltic flow of Casson fluid in the presence of applied magnetic fields in component form in fixed frame can be written as
Introducing the well-known transformation
in which u * , v * and U, V are respectively the components of the velocity in moving and fixed frame of reference. The equations that describe the flow in the moving frame are
where ρ, β, σ, p * , μ and B 0 represents density, material parameter, electrical conductivity, pressure, the coefficient of viscosity and strength of the applied magnetic field respectively. The wall movement in transformed variables is represented by
The appropriate boundary conditions are
In the wave frame, flow rate q * is assumed constant at each cross-section of the channel which yields additional conditions on flow field, given as ψ * = 0 at y * = 0 and ψ
where q * = Q * − ca relates the flow rates in moving and fixed frames. To present the theoretical analysis in terms of normalized quantities, following dimensionless variables are involved.
In terms of normalized variables, after eliminating pressure gradient term by cross differentiation, the boundary value problem takes the following form
Re ∂ψ ∂y
where
Numerical Analysis
The flow problem defined in equations (20) and (21) subject to the boundary conditions given in (22) and (23) is solved numerically. Finite element method based on Galerkin's variational technique is applied to one part of moving wave which is considered to be our domain. Highly convergent results with tolerance ε ψ = 10 −14 and εω = 10 −14 , have been obtained in 2-4 iterations in all cases considering non-uniform mesh of quadratic triangle elements using pedtool in MATLAB. The stream function and vorticity is approximated by
where ψ k and ω k are element nodal approximation of ψ and ω respectively. The weak form of the governing equation gives 
where w 1 and w 2 are the weight functions. After simplification of equation (27) 
where 
The global system in matrix form is thus defined as
The non-linear algebraic system is solved by using Newton's Raphson method iteratively to obtained desired accuracy.
As in the present model, the flow is induced by the periodic infinite sinusoidal wave train so it is sufficient to evaluate and analyze the pressure in the central part of the domain only as it covers a region of one wavelength. The governing flow equations give the pressure gradient in the form
In the wave frame, we define the pressure rise per wavelength as
Result and Discussion
The numerical scheme discussed in the section is implemented to obtain contours of streamlines, vorticity and graphs of longitudinal velocity and pressure distribution. Influence of amplitude ratio ϕ, Reynolds number Re, volume flow rate Q, the Hartmann number M and the wave number α on the quantities of the interest is presented graphically and discussed.
Validation
The numerical results obtained through present computations are validated against the results of Mehkeimer [24] , Jaffrin [4] and Takabatake [6] . The solution of Jaffrin [4] is approximate and only valid for small values of wave number and Reynolds number. The comparison of obtained velocity with the results of Mehkeimer [24] is shown in Fig. 2 . It shows that our result is good coinciding with Mekheimer [24] result. The comparison of pressure rise per wavelength based on the present FEM solution with results of Jaffrin [4] and Takabatake [6] is plotted against flow rate in the fixed frame in Fig. 3 . It can be observed that our results are in excellent agreement with the Jaffrin [4] results. The pressure-flow rate curves predicted by the FEM solution of Takabatake [6] shows a significant deviation from the corresponding curve based on Jaffrin [4] solution. Figure 4 shows that the increase in time mean flow rate Q enhances the velocity of the fluid in the whole region of the channel. The opposite behavior is reported by increasing the Reynolds number in Figure 7 . Here flow is positive near the wall up to Re =15 but for the greater value of Reynolds number a flow reversal is observed near the wall and decreasing. On the contrary, for Casson fluid, no such flow reversal is observed up to Re = 20. 
Velocity Field

Trapping and Vorticity
The formulation of a circulating bolus of fluid in the closed streamlines in the wave frame of the reference is known as trapping. The viscosity of the Casson fluid depends on the Casson fluid parameter and fluid becomes more viscous and becomes thicker as we increase the value of the Casson fluid parameter. The behavior of streamlines against Casson fluid parameter β is observed in Figure 8 . The figure indicates that the volume of the trapping bolus increases by increasing the value of Casson fluid parameter. Furthermore, with the increasing values of Casson fluid parameters, the bolus marginally move to center of the channel and the interface streamline appear below the wall. The effects of Reynolds numbers on streamlines are shown in Figure 9 . Reynolds number is the ratio of the inertial forces to viscous forces, so the non-zero Reynolds number provided the effect of inertial forces on the considered flow model. For the larger value of Reynolds number which indicated the dominance of the inertial forces over viscous forces, the volume of bolus increase and bolus moves to the left side of the channel and more curvature effects of streamlines are noticed on the right side of the center of the channel. Figure 10 shows the effects of Hartmann number on streamlines which shows opposite behavior as in the case of Reynolds number. Hartmann number shows the behavior of the applied magnetic field on the flow modelled. As Hartmann number is the ratio of the electromagnetic force to the viscous force, so by enhancing the Hartmann number reflect to the strong magnetic fields which causes the resistance in the flow of the fluid so the trapped bolus formed shrinks which can be observed from Figure 10. Figure 11 exhibits the effects of different wave number on the behavior of the streamlines. These effects are presented first time in the literature for the study of peristaltic flow of Casson fluid as in earlier studies the use of lubrication theory is widely used which is not able to predict such effects. Wave number is the ratio of the width of the channel to the wavelength. Enhancing the wavenumber considerably effects the flow of Casson fluid in Peristaltic motion which can be noticed by magnifying size of the trapped bolus in the Figure 11 . The vorticity field for different values of Casson fluid parameter β is presented in Figure 12 . For small value of β the curvature effect is more in middle part of the channel as the fluid is less viscous and it penetrating to right side for large value for when the fluid is comparatively thicker. Moreover, the curvature ef- 
Pressure Field
The purpose of this subsection is to examine the importance of important phenomena of pressure rise per wavelength of peristaltic transportation. Usually, the three ranges of pumping in peristalsis are possible, for ΔP > 0 corresponds to augmented pumping region while ΔP = 0 is the free pumping region and ΔP < 0 is the co-pumping region. The pressure rise was plotted against time mean flow rate to see the effect of change in values of different involved parameters in Figure 13 . Figure 13 (a) reveals the effect of Reynolds number on pressure rise per wavelength. It is observed that for large values of Reynolds number which enhances the dominance of the inertial forces gives rise in pressure. Furthermore, pressure rise per wavelength shows non-linear behavior which is mainly caused by strong inertial forces. It is also noted that domi- nance of inertial forces to viscous forces causes augmentation in a rise in pressure and this fact is not reported in previous studies. Furthermore, increasing wave number shows analogous behavior as of Reynolds number presented in Figure 13(b) . The free pumping in this case is reported at Q = 0.4. The decrease in pressure rise in the pumping region is noticed due to increase in Casson fluid parameter β, because of rise in viscosity, flow becomes slow and the pressure rise decreases. On the hand, the increase in rising in pressure is noticed with increasing values of Hartmann number M. So, one way to control the pressure rise of peristaltic motion of Casson fluid of blood flow by varying the strength of applied magnetic field, this fact is widely used in MRI and other bio medical treatments. Figure 13d also shows that in the augmented region −1 < Q < 0.3 pressure rise gives opposite result as compared to pumping region 0.3 < Q < 1. Free pumping corresponds to ΔP = 0 at Q = 0.3.
Conclusion
The numerical simulation of hydromagnetic peristaltic flow of a Casson fluid is studied without employing the famous hypothesis of lubrication theory which gives us the chance to present the effects of all the parameters involved including Reynolds number at moderate values. The numerical results are presented through graphs and detailed discussion of the velocity profile, the contours of streamlines and vorticity and pressure rise per wavelength. It is observed that increase in Casson fluid parameter β increases the volume of the bolus and slight movement towards center of the channel, increasing in the velocity near the center region of the channel and decreases in the region of peristaltic wall. The effect of Casson fluid parameter on vorticity is concern, more curvature effects are noted in center part for small values of Casson fluid parameter and for large values of Casson fluid parameter more curvature effects in crest region are noted. The increasing values of Hartmann number and Reynolds number causes an increase in volume of the bolus while increase in velocity is noted near the center of the channel and opposite behavior is observed near the peristaltic wall. Comparison of Newtonian and non-Newtonian Casson fluid are presented and found that the flow is comparatively slower in the case of the non-Newtonian Casson fluid with Newtonian fluids.
Unlike the earlier studies, the effects of dominant inertial forces in the study of the peristaltic flow of Casson fluid is discussed by setting non-zero moderate values of Reynolds number in the presence of non-zero wave number, which is neglected yet by imposing the long wavelength and low Reynolds approximations. First time in literature, the solution of the full form Navier-Strokes equations for the peristaltic motion of Casson fluid is provided. Hence, it is hoped that present study serves as a benchmark for further research on peristaltic flows of nonNewtonian fluids without applying assumption of lubrication theory.
